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WHY STUDY WIGNER NEGATIVITY?



MOTIVATIONS

- Mari and Eisert’s generalisation of Gottesman-Knill theorem?.

TAndrea Mari and Jens Eisert. “Positive Wigner functions render classical simulation of quantum
computation efficient”. In: Physical review letters 109.23 (2012), p. 230503.
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MOTIVATIONS

- Mari and Eisert’s generalisation of Gottesman-Knill theorem?.
Link between contextuality and Wigner negativity in DV

TMari and Eisert, “Positive Wigner functions render classical simulation of quantum computation
efficient”.

2Mark Howard et al. “Contextuality supplies the ‘magic’for quantum computation”. In: Nature
510.7505 (2014), pp. 351-355.
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MOTIVATIONS

- Mari and Eisert’s generalisation of Gottesman-Knill theorem?.
- Link between contextuality and Wigner negativity in DVz,

- Hard to characterise Wigner negativity in CV for mixed states.

- Can we get an experimentally accessible witness for Wigner
negativity?

TMari and Eisert, “Positive Wigner functions render classical simulation of quantum computation
efficient”.
2Howard et al,, “Contextuality supplies the ‘magic'for quantum computation”.
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FIDELITY WITH FOCK STATES AS A
WITNESS



FIDELITY WITH FOCK STATES

Figure 1: Wigner function for the first four Fock states. 3

3Ppicture from Andreas Ketterer's thesis.
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FIDELITY WITH FOCK STATES

Figure 1: Wigner function for the first four Fock states. 3

(nlpln) > F, = Jac C: W,(a) <0

3Ppicture from Andreas Ketterer's thesis.
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GEOMETRIC INTUITION ON THE WITNESS
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LINEAR PROGRAMMING APPROACH FOR
COMPUTING THE WITNESS



ROTATIONAL SYMMETRY

Applying a random dephasing to p:

- does not change its fidelity with any Fock state.
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ROTATIONAL SYMMETRY

Applying a random dephasing to p:

- does not change its fidelity with any Fock state.
- changes p to a mixture of Fock states: >"p2, Fr |R)(R|.

- does not increase Wigner negativity.

= Wlog restrict to mixtures of Fock states to detect Wigner negativity
with this witness.
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LINEAR PROGRAM TO COMPUTE F},

Find (Fe)ren € RY
maximising Fy

subjectto Y Fp=1
k

and VkeN, F, >0

and Vo€ C, Y FWp(a) > 0
k
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LINEAR PROGRAM TO COMPUTE F},

Find (Fr)ren € RY
maximising Fj,

subject to Z Fp=1
R

and VReN, F, >0
and Vs € RT, Z(*Ukﬂih(g) =0
R

where Wy(a) = 2(=1)F ¢=21oF Ly (4]a?) .

indpt of k kth Laguerre pol
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LINEAR PROGRAM TO COMPUTE F},

Find (Fk)keN & RN
maximising Fj
subjectto Y Fp =1

and VReN, F, >0
and Vs € R, Z )'FpLe(s) > 0
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DUAL PROGRAM

Find Yo € R, € M4 (RT)
minimising Yo

(D") subjectto VR#neN, yg > Wi du
R+

and Vo > 1+ W, dp
R+

and >0
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(PARTIALLY) SOLVING THE PROBLEM




GETTING INTERESTING RESULTS FROM AN INFINITE LINEAR PROGRAM?

- Relaxation: eliminating some constraints (outside feasible
solutions).
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GETTING INTERESTING RESULTS FROM AN INFINITE LINEAR PROGRAM?

- Relaxation: eliminating some constraints (outside feasible
solutions).
- Restriction: imposing a form for your solution (inside feasible

. 1 /n
725 ()

S
Z

solutions):
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AN INTERESTING RESTRICTION FOR (P")

Consider (Fg)ren Of the form: Vk > n, F, =0
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AN INTERESTING RESTRICTION FOR (P")

Consider (Fg)ren Of the form: VR > n, F, =0

(P

restncted)
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subject to ZF,? =1
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AN INTERESTING RESTRICTION FOR (P")

Find (Fl?)ke[[o,n]] & R[[O’n]]
maximising Fp,

n
subjectto Y Fp=1
(Prestrlcted)

and vk € [0, n]] Fr,>0

and Vs € R, Z )FrLe(s?) > 0

e A univariate polynomial is positive on R if and only if there exists a
Sum-0f-Squares decomposition for this polynomial.
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AN INTERESTING RESTRICTION FOR (P")

Find (Fe)kepo.n € RIO™, Q € Sym, (R)

maximising Fj,

n
subjectto Y Fp =1
k=0

(SDP™)
and VR e [0,n], Fr >0
n
and S (NFFeL(x?) = XX = [JvX||?
— Cholesky
and Q> 0.
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HOW TO DERIVE AN ANALYTICAL LOWER BOUND?

- Solve as many SDPs as you can (n < 10).
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HOW TO FIND AN ANALYTICAL SOLUTION?

n even: 12),2
(2p(iy) _
Vk € [0,n],k even Fj = %Q = 1<I:> <n _kk)

Vk € [0,n],kodd F} =0
VR>n+1, F, =0
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HOW TO FIND AN ANALYTICAL SOLUTION?

n even: 2

e Dol even £~ ;(LJE()H) _Lyep

Vk € [0,n],kodd F} =0
VR>n+1, F, =0

n odd: 5

:
VR e [0,n], Fl = = —2 121

2" ()
VR>n+1, Fl =0

Check that these solutions are feasible for (P").
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SHOWING FEASIBILITY

(SDP™)

Find (Fr)reqo,n € RI%™,Q € Sym, (R)
maximising  Fp

n
subjectto > Fr=1 (1)
r=0

and vk e [0o,n], F, >0 (2)
n

and > (=) Felr(x*) SOS (3)
k=0

- Checking (1) is relatively easy.
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SHOWING FEASIBILITY

(SDP™)

Find (Fr)reqo,n € RI%™,Q € Sym, (R)
maximising  Fp

n
subjectto > Fr=1 (1)
r=0

and vk e [0o,n], F, >0 (2)
n

and > (=) Felr(x*) SOS (3)
k=0

- Checking (1) is relatively easy.

- Checking (2) is straightforward.

- Checking (3) is hard. Why? Because you have to find an analytical
SOS decomposition (sadly OEIS failed here).
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AN ANALYTICAL SOS DECOMPOSITION FOR CONSTRAINT (3)

Once you find what should be the SOS decomposition, you have to show
that it is valid:

D (=N)*FeLe(x?) = XTQX
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AN ANALYTICAL SOS DECOMPOSITION FOR CONSTRAINT (3)

Once you find what should be the SOS decomposition, you have to show
that it is valid:

n

SO (=1)FFLR() = XTQX

k=0
We could not show it analytically.

My dear Zeilberger.

12/14



OVERVIEW OF THE PROGRAMS

(D-LPn) 4 !
(e 1 = 210

(D-SOSN) 4| o 1
sosty+] = 218
(D*SOSﬂ)i o l( n )
(sosp 1T ~ L)
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CONCLUSION & ONGOING WORK

- Goal:
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CONCLUSION & ONGOING WORK

- Goal:
Fr =2

- we have convergence (Riesz-Haviland). But finite convergence?
- insightful upperbounds?

- how tight are the lower bounds?
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