Quantum Error Correction
- an Introduction

Feb 2025



Contents

The classical repetition code
The three-qubit repetition code

Stabilizer formalism in quantum error correction

Surface code



The classical repetition code
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The three-qubit repetition code
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Three qubit memory repetition code circuit
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X1Xp = ([44) (tH[+|==) (=D & T = (|4+) (== |+ [==) (+F)) & ]

M =al 4+ BX +~Y +6Z

Any error can be decomposed into bit flips

—)

and phase flips
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Stabilizer formalism for
Quantum Error Correction



Slp) = [¥)

I DEFINITION OF STABILIZER

Quantum Error Correct ion - an Intro duction



a|000) + b[111)

{[7 21227 ZQZ?)) le?)}

Error /RQZRQI ZQIR.L IQRLRL

X®IR®I1 -1 -1 +1
X ®I -1 +1 -1
[I®IR®X +1 -1 -1




a|000) + b|111)

An n qubit code with m independent stabilizer {1,212, ZyZ3, Z1 Z5}
generators defines a 2™ dim stabilizer space, e 7ET97 To7 a7
encoding n — m logical qubits. Xl 3 o o
IQRI®X +1 -1 1
|0>{H HHM
To detect an error, it suffices to measure m
independent stabilizer generators. ¥y | A
A’=|
Given an error E, the measurement of stabilizer . ";ES;SSE' thSeE” |
S returns: [¥) = ES|Y)=SE[y):
« +1,if ES =SE If ES = —SE, then

e —1,ifES =—-SE Ely) = ES|)= —SE|¢);



What about the logical operators?

02) = (000} Xp = X1 Xa X
1) = [111) 7, = 7,

U, 2125, 22723, Z1 23} I, ={III, 221,127, Z1Z)}
X, = (XXX, -YYX, -YXY, —~XYY)

_ 7, ={ZI1. IZ1. 11Z. 227
LS|y =Llp)y %=t }
Y, ={Y XX, XYX, XXY, -YYY}
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= Distance d = 3 surface code

N >< = n=d?*=9dataqubitsinad x d lattice

—Z = n — 1 stabilizer generators

{X1 X2, XoX1X3Xy, Xy X5 X7 X5, X6 X7,

2023, L1 290405, L3 Ly Lig Ly, L5 s }
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= Distance d = 3 surface code

N >< = n=d?*=9dataqubitsinad x d lattice

An n qubit code with m independent stabilizer
generators defines a 2™ dim stabilizer space,
encoding n — m logical qubits.

2nerators

stabilizer space - 1

[ogical qubit
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Logical operators?

- X
| =

= Must commute with all stabilizers

= Must not belong to the stabilizer

= Must satisfy anti-commutation

properties of X and Z
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Logical operators?

- X
=

= Must commute with all stabilizers

= Must not belong to the stabilizer

= Must satisfy anti-commutation

properties of X and Z
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Finds bit flip errors

19/02/2025

>$M

V
Jd A
UV

|0)€

/RN

Finds phase flip errors

Jan)

N

Vi
\/

Zl
\

B
B4

'||0>-H~ '

*

e

Quantum Error Correction - an Introduction

30



Code degeneracy

The relationship between errors and syndromes is not one-to-one:

Given an error E, any error of the form E' = EL, where L. commutes

with the stabilizer, produces the same error syndrome.
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Given an error E, any error of the form E' = EL, where L commutes with the stabilizer, produces
y P

the same error syndrome.

L = X, X5 X7 X3
X3 X7 Xg
AVAYAVA
L5 43
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Given an error E, any error of the form E' = EL, where L commutes with the stabilizer, produces
y P

the same error syndrome.
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Decoders

Algorithms that automate the choice of error correction operator
given an error syndrome.

Ideally, given an error E, a decoder suggests a correction operator
of the form € = SE.

The error threshold of a QEC code depends on the choice of
decoder.
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Google Quantum Al 2024 paper
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Google Quantum Al and Collaborators. Quantum error correction below the surface code threshold. Nature (2024).
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