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Classical simulation of open quantum systems
Non-perturbative dynamics

• Reduced density operator methods: Hierarchical Equations of Motion (HEOM)

4

Tanimura, Yoshitaka, The Journal of chemical physics 
153.2 (2020): 020901.texe ∼ O(2N)



Classical simulation of open quantum systems
Non-perturbative dynamics

• Reduced density operator methods: Hierarchical Equations of Motion (HEOM)


• Matrix Product State (MPS) methods: Time Evolving Density operator with 
Orthogonal Polynomials (TEDOPA)

5

texe ∼ O(2N)

texe ∼ O(D3), D ∼ 2t

D = bond dimension
Eisert, Jens, Marcus Cramer, and Martin B. Plenio, Reviews of 
modern physics 82.1 (2010): 277.

Tamascelli, Dario, et al., Physical review letters 
123.9 (2019): 090402.

Tanimura, Yoshitaka, The Journal of chemical physics 
153.2 (2020): 020901.



Classical simulation of open quantum systems
Non-perturbative dynamics

• Reduced density operator methods: Hierarchical Equations of Motion (HEOM)


• Matrix Product State (MPS) methods: Time Evolving Density operator with 
Orthogonal Polynomials (TEDOPA)

6

texe ∼ O(D3), D ∼ 2t

D = bond dimension texe ∼ O(2N)

Higher dimensional systems, e.g. NxN lattice,

Schollwöck, Ulrich. Annals of physics 326.1 
(2011): 96-192.
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• Scales polynomially with N and t 
(no restriction on dimensionality). 

Our  work
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Quantum TEDOPA (Q-TEDOPA)

• Scales polynomially with N and t 
(no restriction on dimensionality). 

• Mapping to a closed quantum 
system.


• Local interactions between the 
qubits! 

Our  work
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Very appealing for quantum computers!

Efficient on the current (NISQ) 
computers!

Guimarães, José D., Mikhail I. Vasilevskiy, and Luís S. Barbosa. arXiv 
preprint arXiv:2203.14653 (2022).
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Quantum TEDOPA

1. Map all operators to Pauli 
operators.

The solution
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System
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1. Map all operators to Pauli 
operators.


2. Implement the evolution in a 
quantum circuit via some 
(hybrid) quantum algorithm.

Trotter-Suzuki product formula
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1. Map all operators to Pauli 
operators.


2. Implement the evolution in a 
quantum circuit via some 
(hybrid) quantum algorithm.

Trotter-Suzuki product formula

The solution
Hybrid quantum-classical algorithms:


• Variational Trotter compression.


• Variational Fast-Forwarding.


• Variational Quantum Simulator.
Y. Li and S. C. Benjamin, Physical Review X 7, 021050 (2017).
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The solution

HE =
∞

∑
n=0

wnb†
nbn +

∞

∑
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tn,n−1b†
nbn−1 + h . c .

Costier term

Execution time, number of qubits, etc. ?

n qubits = d-level harmonic oscillator

b =
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∑
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m |m − 1⟩⟨m |

Binary qubit encoding (d=2n) Unary qubit encoding (d=n)
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Trotter-Suzuki product formula

1. Map all operators to Pauli 
operators.


2. Implement the evolution in a 
quantum circuit via some 
(hybrid) quantum algorithm.
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Binary Unary

Qubits dllog(d)l

1. Map all operators to Pauli 
operators.


2. Implement the evolution in a 
quantum circuit via some 
(hybrid) quantum algorithm.

Trotter-Suzuki product formula

d = energy levels of the harmonic oscillator

l = number of oscillators in the chain

N = number of Trotter iterations
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The solution
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The solution
Binary Unary

Qubits

CNOT gates 
(execution time)

Qubit 
connectivity

O(lNd2)

dllog(d)l

O(lNd2log(d))

2log(d) 2d

1. Map all operators to Pauli 
operators.


2. Implement the evolution in a 
quantum circuit via some 
(hybrid) quantum algorithm.

Trotter-Suzuki product formula

d = energy levels of the harmonic oscillator

l = number of oscillators in the chain

N = number of Trotter iterations
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Non-Markovian bath 
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J(±ΔE) ≉ const .



Implementation of Q-TEDOPA
IBMQ superconducting processor
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• 2 molecules (qubits) +  5 oscillators (d=2) in each chain. 

• Binary qubit encoding. 

• 12 qubits, 10 iterations, ~400 CNOT gates.

α = 0.25, ωc = 100cm−1 .

Moderate exciton-phonon 

coupling strength 




Non-Markovian bath 

g = 87.7cm−1, J(ΔE) = g/2

J(±ΔE) ≉ const .

J(ω) = 2παωe−ω/ωcθ(ω)



Implementation of Q-TEDOPA
IBMQ superconducting quantum processor

28

12 qubits, ~400 CNOT gates
1. Symmetry verification.

2. Qiskit Measurement Error Mitigation (MEM)

3. Randomized Compiling (RC).

4. Zero-Noise (exponential) Extrapolation (ZNE)Quantum error mitigation

• Hashim, Akel, et al.  arXiv preprint arXiv:2010.00215 (2020).

• Endo, Suguru, Simon C. Benjamin, and Ying Li. Physical Review X 8.3 (2018): 031027.



Implementation of Q-TEDOPA
IBMQ superconducting quantum processor
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12 qubits, ~400 CNOT gates

ε = ∑
x

|𝒫exact(x) − 𝒫sim(x) | = 2dTV
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Quantum error mitigation (QEM)
Why?

• Quantum error correction is not “NISQ-friendly”.
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Quantum error mitigation (QEM)
Why?

• Quantum error correction is not “NISQ-friendly”.


• Quantum error mitigation techniques rely on classical post-processing 
techniques to partially cancel noise! 


• Fast growing research field due to the quest for showing quantum advantage 
with NISQ devices.


• Every large quantum digital simulation requires QEM!

34



Quantum error mitigation
Towards a layered architecture for quantum error mitigation

• To be presented at IEEE Quantum 
Software 2022.


• Paper publication coming soon.
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Quantum error mitigation
Towards a layered architecture for quantum error mitigation

• To be presented at IEEE Quantum 
Software 2022.


• Paper publication coming soon.


• Based on the IBM Quantum 
Summer Challenge 2021.


• Layered application of QEM 
techniques to a quantum 
simulation of the Heisenberg 
model.

36



Quantum error mitigation
Layered architecture for QEM

Noise in a quantum computer 

Coherent noise Incoherent Markovian noise

QEM 
techniques:

SPAM errors

Blume-Kohout, Robin, et al. PRX Quantum 3.2 (2022): 020335.
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Quantum error mitigation
Layered architecture for QEM

Noise in a quantum computer 

Coherent noise Incoherent Markovian noise

QEM 
techniques:

Randomized Compiling, 
Dynamical Decoupling, 

Floquet calibration, 
symmetry-averaging.


Zero-Noise Extrapolation, 
Quasi-probability method, 

Virtual Distillation, symmetry 
verification

SPAM errors

Qiskit Measurement error 
mitigation


Others: Entanglement forging, qubit assignment, etc.

• Hashim, Akel, et al., Phys. Rev. X 11, 041039 (2021)
• Tripathi, Vinay, et al. arXiv preprint arXiv:2108.04530 (2021).

• Arute, Frank, et al. arXiv preprint arXiv:2010.07965 (2020).

• Stanisic, Stasja, et al. arXiv preprint arXiv:2112.02025 (2021).

• Endo, Suguru, Simon C. Benjamin, and Ying Li. Physical Review X 8.3 (2018): 031027.

• Huggins, William J., et al. Physical Review X 11.4 (2021): 041036

• Sun, Jinzhao, et al. Physical Review Applied 15.3 (2021): 034026

• Endo, Suguru, et al. Journal of the Physical Society of Japan 90.3 (2021): 032001.

• Qiskit documentation

• Eddins, Andrew, et al. PRX Quantum 3.1 (2022): 010309.

• Arute, Frank, et al. arXiv preprint arXiv:2010.07965 (2020).
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Quantum error mitigation
Layered architecture for QEM

Our classification of QEM techniques 

Coherent noise
Incoherent 

Markovian noise

Randomized 
Compiling, Dynamical 
Decoupling, Floquet 

calibration.


Zero-Noise Extrapolation (ZNE), 
Quasi-probability method, 
learning-based methods, 

symmetry verification.

SPAM errors
Qiskit Measurement error 

mitigation (MEM)
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Quantum error mitigation
Dynamical Decoupling

Application of consecutive pulses to mitigate qubit cross-talk and decoherence.


• XY4, XX and XY8 sequences.

• Pokharel, Bibek, et al. Physical review letters 121.22 (2018): 220502.

• Tripathi, Vinay, et al. arXiv preprint arXiv:2108.04530 (2021).
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• XY4, XX and XY8 sequences.
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Quantum error mitigation
Dynamical Decoupling

Application of consecutive pulses to mitigate qubit cross-talk and decoherence.


• XY4, XX and XY8 sequences.


• Short sequences (and short intervals of time) are preferable.


• Improve the technique by using Correlated Phase Randomization or Adaptive 
Dynamical Decoupling methods. Gautam, Akanksha, and Kavita Dorai. arXiv preprint arXiv:2112.10417 (2021).

Das, Poulami, et al. MICRO-54: 54th Annual IEEE/ACM International Symposium on Microarchitecture. 2021.

• Pokharel, Bibek, et al. Physical review letters 121.22 (2018): 220502.

• Tripathi, Vinay, et al. arXiv preprint arXiv:2108.04530 (2021).
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Quantum error mitigation

𝒫(C) = ∑
j

PjCPj

Applies a Pauli channel to every sub-circuit C

Randomized Compiling

Tailors coherent noise into stochastic Pauli noise 

43



Quantum error mitigation

𝒫(C) = ∑
j

PjCPj

CNOT error ~ 10-2


Single-qubit gate error ~ 10-4 

Randomized Compiling

44

Applies a Pauli channel to every sub-circuit C
Sub-circuit = Two-qubit gate layer



Quantum error mitigation

𝒫(C) = ∑
j

PjCPj

Applies a Pauli channel to every two-qubit gate layer C

C → PjCP′￼j, P′￼j = C†PjC

In a quantum circuit

Randomized Compiling
Hashim, Akel, et al., Phys. Rev. X 11, 041039 (2021)
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Quantum error mitigation

𝒫(C) = ∑
j

PjCPj

Applies a Pauli channel to every two-qubit gate layer C

C → PjCP′￼j, P′￼j = C†PjC

In a quantum circuit
Sampled from the Pauli group

Generate L Pauli-sampled circuits and average the results.

Randomized Compiling
Hashim, Akel, et al., Phys. Rev. X 11, 041039 (2021)
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Quantum error mitigation

𝒫(C) = ∑
j

PjCPj

Applies a Pauli channel to every two-qubit gate layer C

C → PjCP′￼j, P′￼j = C†PjC

In a quantum circuit
Sampled from the Pauli group

We applied Randomized Compiling to all CNOT gates  
in the circuits!

Randomized Compiling
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Quantum error mitigation
Zero-Noise extrapolation

1. Execute the quantum circuit.

εAverage error Output:  ⟨O(ε)⟩

Endo, Suguru, Simon C. Benjamin, and Ying Li. Physical Review X 8.3 (2018): 031027.
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Quantum error mitigation
Zero-Noise extrapolation

1. Execute the quantum circuit.


2. Execute the quantum circuit with increased average error rate.

εAverage error 

ε′￼ = 3ε
Average error Output:  ⟨O(ε′￼)⟩

Output:  ⟨O(ε)⟩

Endo, Suguru, Simon C. Benjamin, and Ying Li. Physical Review X 8.3 (2018): 031027.
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Quantum error mitigation
Zero-Noise extrapolation

1. Execute the quantum circuit.


2. Execute the quantum circuit with increased average error rate.

εAverage error 

ε′￼ = 3ε
Average error Output:  ⟨O(ε′￼)⟩

Output:  ⟨O(ε)⟩

Methods to increase the error rate

Fixed Identity Insertion Method (FIIM) or Random Identity Insertion Method (RIIM)

Endo, Suguru, Simon C. Benjamin, and Ying Li. Physical Review X 8.3 (2018): 031027.

Pascuzzi, Vincent R., et al. Physical Review A 105.4 (2022): 042406.
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Quantum error mitigation
Zero-Noise extrapolation

3. Extrapolate to the Zero-Noise result .
⟨O(0)⟩
Endo, Suguru, Simon C. Benjamin, and Ying Li. Physical Review X 8.3 (2018): 031027.
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Quantum error mitigation
Zero-Noise extrapolation

3. Extrapolate to the Zero-Noise result .


Ansatz to use? 

• Linear extrapolation.


• Richardson extrapolation.


• Exponential extrapolation.


⟨O(0)⟩

Giurgica-Tiron, Tudor, et al. 2020 IEEE International Conference on Quantum Computing and Engineering (QCE). IEEE, 2020.
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Quantum error mitigation
Zero-Noise extrapolation

3. Extrapolate to the Zero-Noise result .


Ansatz to use? 

• Linear extrapolation.


• Richardson extrapolation.


• Exponential extrapolation.


Very efficient at mitigating incoherent (stochastic) noise!


⟨O(0)⟩
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Quantum error mitigation
Zero-Noise extrapolation

3. Extrapolate to the Zero-Noise result .


Ansatz to use? 

• Linear extrapolation.


• Richardson extrapolation.


• Exponential extrapolation.


Very efficient at mitigating incoherent (stochastic) noise!


⟨O(0)⟩

Agnostic to the underlying noise model in the quantum computer!
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Heisenberg model simulation
Outline

• Hamiltonian:
HHeis = J

N

∑
⟨ij⟩

(XiXj + YiYj + ZiZj),

HHeis3 = X0X1 + X1X2 + Y0Y1 + Y1Y2 + Z0Z1 + Z1Z2 .
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Heisenberg model simulation
Outline

• Hamiltonian:


• Trotter decomposition of the evolution operator (4 iterations).

HHeis = J
N

∑
⟨ij⟩

(XiXj + YiYj + ZiZj),

HHeis3 = X0X1 + X1X2 + Y0Y1 + Y1Y2 + Z0Z1 + Z1Z2 .

UHeis3(t) ≈ [exp ( −it
n

H(ZZ)
Heis3) exp ( −it

n
H(YY)

Heis3) exp ( −it
n

H(XX)
Heis3)]

n
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Outline

• Hamiltonian:


• Trotter decomposition of the evolution operator (4 iterations).


• Implement state tomography and compute fidelity of the simulation.

HHeis = J
N

∑
⟨ij⟩

(XiXj + YiYj + ZiZj),

HHeis3 = X0X1 + X1X2 + Y0Y1 + Y1Y2 + Z0Z1 + Z1Z2 .

UHeis3(t) ≈ [exp ( −it
n

H(ZZ)
Heis3) exp ( −it

n
H(YY)

Heis3) exp ( −it
n

H(XX)
Heis3)]

n

Heisenberg model simulation

59



Workflow
Heisenberg model simulation
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Discussion

• Unmitigated simulation yields F=0.2782.
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• Exponential extrapolation results in major fidelity improvements,
 (best ansatz!).F = 0.2782 → 0.5913
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• Exponential extrapolation results in major fidelity improvements,
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• With the DD sequence: Fidelity increase by 10 points (XX as best sequence!).
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Discussion

• Unmitigated simulation yields F=0.2782.


• Exponential extrapolation results in major fidelity improvements,
 (best ansatz!).


• With the DD sequence: Fidelity increase by 10 points (XX as best sequence!).


• Randomized Compiling (C=30), improves the fidelity by about 8 points.


• Measurement error mitigation decreases the fidelity when exponential ZNE is 
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Discussion

• Unmitigated simulation yields F=0.2782.


• Exponential extrapolation results in major fidelity improvements,
 (best ansatz!).


• With the DD sequence: Fidelity increase by 10 points (XX as best sequence!).


• Randomized Compiling (C=30), improves the fidelity by about 8 points.


• Measurement error mitigation decreases the fidelity when exponential ZNE is 
used! Interesting…


• Overall improvement: .

F = 0.2782 → 0.5913

F = 0.2782 → 0.7866

Heisenberg model simulation
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Thanks for your attention!

José D. Guimarães | 2022


