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* The state space defines a (closed convex pointed) cone in
the vector space

V':={eeV :e(s) >0,Vs € Q}

- * A subset of the dual cone characterizes the effects
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Quantum theory as
a GPT: this is not
the inner product!
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* 2) It needs to be empirically accessible

Vs, t € ()

Function st =

EetES

Prediction of
the theory
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These effects are not going to be unique in general

Ty = Q1) =1 =Te(Ily) ()

Unit effect acting on a state
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TWO-STATE
OVERLAPS IN
PHYSICAL
THEORIES

From the definition, two-state
overlaps are bilinear in the state
space.

(V,Q, &, u)
GPT system can have two-state overlaps if

Vs, t € (Qdeg, e € &
es(t) = eg(s)

In such a case, a two-state overlapisamap 7° Q X Q —> R

such that for any pair of states there exists a pair of effects for which

r(s,t) =rsy = es(t) = e¢(s) = res



NOT ALL
THEORIES CAN

HAVE TWO-STATE
OVERLAPS




Consider any theory where both states and effects can be
embedded in the same real inner-product vector space, such that
there is a duality between the action of linear functionals and the
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Consider any theory where both states and effects can be
embedded in the same real inner-product vector space, such that
there is a duality between the action of linear functionals and the

e(-) = (&)
" C Q s e\ &

Pre-dual theories

There is at least one state such that

) ros = €5(s") = (e5,8") <0

Otherwise this state would define an effect
(real inner-products are symmetric)
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NOT ALL
They construct a subtheory of quantum theory where the state THEORIES CAN

space contain all quantum states and all entanglement witnesses of
trace one. This implies that

HAVE TWO-STATE
OVERLAPS

dp, pw € Q : Tr(ppw) < 0
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Non-restricted strongly-self dual

In these theories the cone of states and the cone of effects can be
embedded in a finite-dimensional real inner-product vector space
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The (self-dualizing) inner-product works as a two-state overlap
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Tst = = = = HAVE

v v OVERLAPS

|) Well defined for all pairs of states, |I) empirically accessible and
inducing a bilinear Ill) symmetric form (which is taken to be the
overlap)




GPTs having caps and cups
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Inequalities witnessing coherence, nonlocality, and
contextuality

Rafael Wagner, Rui Soares Barbosa, and Ernesto F. Galvao
Phys. Rev. A 109, 032220 — Published 21 March 2024

Bounds on classical overlaps
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Bounds on classical overlaps
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Ts,t — — Zw
Classical probabilistic theory

st = Z Prob(w|t)Prob(w|s)

Two-state overlaps between normalized states of classical
probabilistic theories cannot violate the incoherence inequalities

OVERLAP

INEQUALITIES




Theorem. Empirically adequate, diagram preserving
ontological models for GPT's having caps and cups can-
not violate two-state overlap inequalities.
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A
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Empirical adequacy of the ontological model

THEOREM

An ontological model is a map
(functor) representing every element
of the GPT as a substochastic matrix

s = £(s) (M)
e — £(e)(A)

Response function
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Empirical adequacy of the ontological model

THEOREM

s = £(s)(M)

Probability distribution

e > £(e)(N
T — (T)(V|)

Substochastic matrix
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There exists a basis for the space defining the substochastic matrices
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Caps and cups + diagram preservation

THEOREM
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Theorem. Empirically adequate, diagram preserving
ontological models for GPT's having caps and cups can-
not violate two-state overlap inequalities.

THEOREM

Cannot violate the two-state
overlap inequalities by
construction
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Definition 1. A system 1is strongly self-dual if and only
STRONGLY if there exists an isomorphism & : V¥ > V. giving rise to
SELFDUAL GPTS a corresponding symmetric bilinear form 7 with T (e, f) =
HAVE CAPS AND e[P(f)]=T(f,e)and T(e,e) = Oforalle, f € V*.
CUPS? That 1s, T provides a semi-inner product on effects. In a
) similar way for strongly self-dual systems the inverse map
®~! leads to a semi-inner product on states.
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Reconstructing quantum theory from diagrammatic
postulates
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Definition 2.36 (Cups and caps). A theory has cups and caps if for each system it has

processes:
Gt @)

= Q:m and Ejzu (12)

Equivalently, this means that in diagrams inputs can be connected to inputs, outputs to

outputs, and also that loops are allowed.

which satisfy:
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- Vs € ().e € *

= T(SWAP(s,t)) = T(t;s) =
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