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Cannot fit in your theory team’s room Can fit in your theory team’s room
Cannot run your brand new algorithm Can simulate your proof-of-concept on 5 qubits
Hard to get funding to buy one Your research project may fund one
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Introduction

[Submitted on 29 Nov 2019]
Hybrid Decision Trees: Longer Quantum Time is Strictly More Powerful

Xiaoming Sun, Yufan Zheng

https://arxiv.org/abs/1911.13091

Now that we have defined the hybrid decision tree model, one may ask: is the computing power of
this model strictly stronger than the classical one, or weaker than the quantum one? The positive
answer to the first question comes immediately, because of the Forrelation function FOR, which

is a partial function satisfying Q(For) = 1 and R(For) = Q(y/n/logn) [AA18], which implies
Q(For;1) = 1. However, what if we require the function to be total? Theorem 1.3 says that the

separation still exists.

Theorem 1.3. There exists a total Boolean function [ such that Q(f;1) = 6[11{ f )’” 5).



https://arxiv.org/search/cs?searchtype=author&query=Sun%2C+X
https://arxiv.org/search/cs?searchtype=author&query=Zheng%2C+Y

Quantum Singular Value
Transtormations



Quantum Singular Value Transformations

[Submitted on &5 Jun 2018]

Quantum singular value transformation and beyond: exponential improvements for
quantum matrix arithmetics

Andras Gilyén, Yuan Su, Guang Hao Low, Nathan Wiebe

[Submitted on 6 May 2021 (v1), last revised 10 Dec 2021 (this version, v5)]
A Grand Unification of Quantum Algorithms

John M. Martyn, Zane M. Rossi, Andrew K. Tan, Isaac L. Chuang

[Submitted on 20 Oct 2016 (v1), last revised 11 Jul 2019 (this version, v3)]

Hamiltonian Simulation by Qubitization (Quantum Signal Processing)

Guang Hao Low, Isaac L. Chuang
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Quantum Singular Value Transformations

 Quantum Signal Processing

Y 2
a W1 —a
W(a,) = | . \/ “Signal Rotation Operator”
iv1— a? a
S ((b) = ez’gbZ “Signal Processing Rotation Operator”
d
U¢ - 67’¢OZ H W(a,)ewbkz “Quantum Signal Processing Sequence”

k=1



Quantum Singular Value Transformations

* Quantum Signal Processing

QSP Theorem

d
- - P(a) iQ(a)V1 — a?
ipoZ Oz _
(in the computational basis)
P e Rd[ﬂ;‘]
Q - Rd_l[:c]

Parity P,Q = Parity d,d-1
PP+ (1-d”)|QI =1
Vae[-1,1]



Quantum Singular Value Transformations

* Quantum Eigenvalue Transformations
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U=ZH+X VI —H?

U

(1,1)-Block-encoding
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Quantum Singular Value Transformations

* Quantum Eigenvalue Transformations

H¢ = eiqbZ &) I

d/2

Up = H H¢2k—1UTH¢2kU
k=1



Quantum Singular Value Transformations

* Quantum Eigenvalue Transformations
Y vi= N -

. >
W

d/2 R(X)
Uqb — EB[H e’éﬁbzkz—lZR()\)e’bﬁbszR()\)]
A k=1

a W1 —a?
Wia) = Lm .

Note that R(a) = —ie' T2 W (a)e'TZ

d
— Uy = 69 ei®0Z H W()\)eiqb;ﬂz
A k=1

And now use the Quantum Signal Processing Theorem



Quantum Singular Value Transformations
— v =@ (" )

Quantum Eigenvalue Transformation Theorem

d/2 P(H)
Up = H H¢2k—1UTH¢2kU — { _ }
k=1

(P(\1)




Quantum Phase Estimation



(Quantum Phase Estimation

Inputs:

U N x N unitary operator

U’lp to prepare |1D>, l.e., Uw ’0) = "(p> (Formally: access to controlled Uy, U;L)
1) e senma Ulp) = e [y) o€ l0.27)
€ >0 precision parameter

Outputs: ¢ up to precision € with bounded error probability



Quantum Phase Estimation
e Textbook QPE Algorithm
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Quantum Phase Estimation

+ Kitaev’s/Ite

0) —

rative Phase Estimation Algorithm

HH R.(Mw) I HH AFE

[Ak)

UM_

(M,0); = (2™ 1,0)
(M,0)y = (2772, —1-27™ . ¢,,)
(Ma 0)3 = (zm—B, -7 (2—m : Cbm ‘I‘ 2—m+1 . ¢m—1))

(M, 0)n = (1L, =7 (27" G+ + 277 62))

¢=0.0102...0m ...
3

¢ =0.0m

1

b= 0.0 1D - .. — 0.0b,,
1



Quantum Phase Estimation

e Faster Phase Estimation

0) —HHR.(Mw HHAFE
0) 2 ( ) I |= P(O\gb;H,M)—1+COS(A2/[[¢+9D,
P(1]6:0, M) — 1 —cos(M[qb—FH])-

2

[Ak)

[Submitted on 2 Apr 2013]
Faster Phase Estimation Idea: new “schedules” for M and w
Krysta M. Svore, Matthew B. Hastings, Michael Freedman Plus: Informational perspective
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Quantum Phase Estimation

 o-Quantum Phase Estimation

Efficient Bayesian Phase Estimation

Nathan Wiebe and Chris Granade M ~ 1/Ua 0 — K

Phys. Rev. Lett. 117, 010503 - Published 30 June 2016

Accelerated Variational Quantum .

Eigensolver _

J (M7 9) - a) H—0a
Daochen Wang, Oscar Higgott, and Stephen Brierley o

Phys. Rev. Lett. 122, 140504 - Published 12 April 2019

N(a) _ 1305 (62(11_(1) — 1) if o € [0, 1)
| 4log(1/e) if o =1

D(a) = 0O(1/€%)

)
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 o-Quantum Phase Estimation

Efficient Bayesian Phase Estimation

Nathan Wiebe and Chris Granade M ~ 1/Ua 0 — K

Phys. Rev. Lett. 117, 010503 - Published 30 June 2016

Accelerated Variational Quantum
Eigensolver (M, 6)

Daochen Wang, Oscar Higgott, and Stephen Brierley
Phys. Rev. Lett. 122, 140504 - Published 12 April 2019
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N(a) — 1305 (62(11_0‘) — 1) if « € [0, 1)
| 4log(1/e) if o =1

D(a) = 0O(1/€%)




Quantum Phase Estimation

* Query Perspective

|0>—H-Rz(Mw)TH4mFE P0]:0.01) = o5 [0+ 0]

2 ’ P(x| &0, M) = 1+ (=1)*cos(M[¢p + 6])
_ 1 —cos(M[¢+6]) o 2
A = P(11:0, M) = . .
Classical Sampling Fully Coherent Hybrid (a-QPE)
|0) |/ HH R:(Mw) HHAEE 0) |/ HH R.(Mw) HH - AFEFE
0) {H}+—{HHAF E hE BE
|Ak> [T] | Ak) uM [ Ak) uM
< Plus Kitaev schedule < Plus o-QPE adaptative schedule
D = 0(1) trivially D = 0(1/6) D — O(l/el_a)
N = 0(1/62) Ez&;fgamér—Rao T = @(1/6) T — @(1/El+a)
T=NxD=5D=0(1 62) By inspection of the schedule Stated in the paper (adapted)







a-Higenvalue Estimation



o-Higenvalue Hstimation

* “Phase Estimation is a weaker form of Eigenvalue Estimation”

Plan: PE < AE <X EE

Define:
Amplitude Estimation Eigenvalue Estimation

HeHy H|y) = E)

A|0™) = /p|good) + /1 — p? |bad)
Uy is a (7, m)-BE of H

O 4 |good/bad) = + |good /bad) 3
Uy [0™) = [4)

Input: A, AT, O4,¢>0 Input: Uy, Up, UL, v, €>0

Output: |p| up to € with bounded error probability Output: £ up to € with bounded error probability



o-Higenvalue Estimation

* “Phase Estimation is a weaker form of Eigenvalue Estimation”

PE < AE

m_/ U¢ U

A= l
a{ H H

A|0™)]0) = cos(¢/2) [¢) [0) —isin(p/2) [¢) 1)

1
cos(¢/2) ~ |¢|

AE < EE
a{ H T T H
- m// Q QT L

Q= A(2[0™)0™] — 1)ATO4
(0, Unr [0) Uy |07) = (1 = 2p)Uy [0™)

I

p=(1-2p)~p



o-Higenvalue Kstimation

- QSVT

= If we focus on EE (and find an interpolation for EE) we solve everything else

Now note:

If you can solve the decision problem



o-Higenvalue Kstimation

.« QSVT
= If we focus on EE (and find an interpolation for EE) we solve everything else
Now note:
If you can solve the decision problem Then you can solve EE with a binary search

= iright

left

L N

{_



o-Higenvalue Hstimation

. QSVT

(P@ j) 0) @ k) ~ PO [0) [Ae) + 1) ® ()



o-Higenvalue Kstimation

.« QSVT




o-Higenvalue Kstimation

.« QSVT




o-Higenvalue Kstimation

.« QSVT

P(Ak) |0) [Ar) =~ [0) [A)



o-Higenvalue Kstimation

.« QSVT

P(Ar) |0) [Ar) =~10) [A)



o-Higenvalue Kstimation

.« QSVT




o-Higenvalue Kstimation

.« QSVT

(P(ﬁ) ) = Up [0) | M) = P(Ag) [0) [Ak) + [1) ) = [1) |uy)

AN
Must be unitary!



o-Higenvalue Kstimation

.« QSVT

(P(ﬁ) ) = U [0) | A) = P(Ag) [0) [Ak) + [1) uy) =1} |u;)

AN
Must be unitary!



o-Higenvalue Estimation

. QSVT

Aux. qubit = 0



o-Higenvalue Kstimation

.« QSVT




o-Higenvalue Hstimation

e Decision problem

= If you can implement a step function, you can solve EE.



o-Higenvalue Estimation

e Decision problem

= If you can implement a step function, you can solve EE.

.. Can you implement a step function?



o-Higenvalue Estimation

e Decision problem

= If you can implement a step function, you can solve EE.

.. Can you implement a step function?

Near-optimal ground state preparation

Lin Lin"? and Yu Tong’

'Department of Mathematics, University of California, Berkeley, CA 94720, USA Yep! (Sort of)

2Computational Research Division, Lawrence Berkeley National Laboratory,
Berkeley, CA 94720, USA

Published: 2020-12-14, volume 4, page 372
Citation: Quantum 4, 372 (2020).



o-Higenvalue Estimation
* Decision problem

Near-optimal ground state preparation

Lin Lin"2 and Yu Tong'

'Department of Mathematics, University of California, Berkeley, CA 94720, USA Yep! (Sort of)
2Computational Research Division, Lawrence Berkeley National Laboratory, Berkeley, CA
94720, USA

Published: 2020-12-14, volume 4, page 372
Citation: Quantum 4, 372 (2020).

Let Uy be a (v, m)-block-encoding of a Hermitian matrix H and pug € [0, 7].
Then, there is a (1, m + 3)-block-encoding of P (H_‘“”I; 0, n), where P satisfies

Y+1o
Va € [-1,-6],0 < P(x;0,n) < n/2 (1)
and Vz € [0,1],1 —n/2 < P(x;4,n) <1, (2)

using O (% log(%)) queries of Uy and U};.

(Adapted from lemma 5)



o-Higenvalue Estimation

* Decision problem

0.5

Let Ug be a (v, m)-block-encoding of a Hermitian matrix H and po € [0,7].
Then, there is a (1, m + 3)-block-encoding of P (%, d, 77), where P satisfies

Vo € [-1,-0],0 < P(x;0,n) < n/2 (1)
and Vz € [§,1],1 —n/2 < P(z;6,n) <1, (2)

using O (% log(%)) queries of Uy and UL.
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o-Higenvalue Hstimation
* Bringing it all together

What scalings do we get as a function of €7



o-Higenvalue Estimation
* Bringing it all together

What scalings do we get as a function of €7

P (Bias of the distribution)

Need at least this resolution {

\

1— 277 by Chebyshev’s inequality
2

N = O(1/(1-2n)?)




o-Higenvalue Estimation

* Decision problem




o-Higenvalue Estimation

e o-Figenvalue Estimation

..which is the a-QPE scaling.



In Conclusion

* a-Quantum Phase Estimation can be “upgraded” to a-Eigenvalue
Fstimation

* You can think of the problem as “how well can I approximate a
step function”

* Quantum Singular Value Transformations might be a good tool
for finding hybrid algorithms

 (Think: what do I need to do if I only have a poor approximation of my
target function — and what is my target function)



In Conclusion

*  o-Quantum Phase Estimation can be “upgraded” to a-Eigenvalue
Estimation

*  You can think of the problem as “how well can I approximate a step
function”

*  Quantum Singular Value Transformations might be a good tool for
finding hybrid algorithms

* (Think: what do I need to do if I only have a poor approximation of my
target function — and what is my target function)
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