KIRKWOOD-DIRAC
QUASIPROBABILITY
DISTRIBUTIONS BEYOND
QUANTUM STATES

Rafael Wagner

International Iberian Nanotechnology Laboratory (INL)
University of Minho

University of Pisa




QUANTUM THEORY
IN PHASE SPACE




QUANTUM THEORY
IN PHASE SPACE
p E E

Quantum state Quantum channel POVM element




QUANTUM THEORY
IN PHASE SPACE
p E E

Quantum state Quantum channel POVM element

Phase space

p(Alp) TN E) E(E[A)




QUANTUM THEORY
IN PHASE SPACE
p E E

Quantum state Quantum channel POVM element

Phase space

p(Alp) TN E) E(E[A)




QUANTUM THEORY
IN PHASE SPACE
p E E

Quantum state Quantum channel POVM element

Phase space

p(Alp) TN E) E(E[A)

TH(EE(p)) = ) EENILN X E)ulAp)
AN €EA




KIRKWOOD-DIRAC
DISTRIBUTION

P.A. M. Dirac, Rev. Mod. Phys. 17, 195 (1945)



KIRKWOOD-DIRAC ( )

/ 7\ y dim(H dim(H
A :{|az’>}i:1( | A:{|az’>}¢:1( |

P.A. M. Dirac, Rev. Mod. Phys. 17, 195 (1945)



p € D(H)

KIRKWOOD-DIRAC

DISTRIBUTION Al — {|a(>}di:r§1(%) A — {|a¢>}diﬁ(%)
i, i'p) = (ailplag)(ayla:)

P.A. M. Dirac, Rev. Mod. Phys. 17, 195 (1945)



p € D(H)
KIRKWOOD-DIRAC

DISTRIBUTION A= f>}dim(”H) A — {la»}dim(?{)

v/ Ja=1 1=1

Rabei, Arvind, Mukunda, and Simon, PRA 60, 3397 (1999)
V. Bargmann, J. Math. Phys. 5, 862 (1964)

C N
(i, 7 p) = (ail play){ay|as)
L\, T 1 0) = (Ui |P CL?;/ CL?;/ a;
~ J
H M /RN Hill, Prog. of Theor. Phys., 26,5 (196
P.A. M. Dirac, Rev. Mod. Phys. 17, 195 (1945) Re[p] o, oo of Theor. Phys., 26, 5 (1961)

Y. P. Terletsky, Zh. Eksp.Teor. Fiz. 7, 1290 (1937)



Heat (peV)

Interaction time (ms)

Quantum Thermodynamics

PRL 122, 040404 (2019)
PRA 97,042105 (2018)

PRL 128,220504 (2022)
PRA 106,042404 (2022)

PRL 120, 040602 (2018)
Quantum 7, 1128 (2023).

PRX Quantum|, 010309 (2020)

rr
©
©
—
=
c
o
2
(18]
[
S
-
<}
Y
c

6=0471 — 6=0092n
§=03n —— 6=0.0470
= 6=0171 =—— 8=0.0251

107!
Postselection parameter |t|

WHAT IS IT
GOOD FOR!?




BASIC PROPERTIES




4 )
u(i, 71p) = (ailplal) (dy]as)
J

> (i, id'|p) = (al|plai)

Zw,ﬂm = (aip|a;)




BASIC PROPERTIES




~
| BASIC PROPERTIES
J

U0), [1)

Ut =)




s )

,Lt(i, i/‘p) = <a@\p\agz><a;z\ag> BASIC PROPERTIES

\_ J

Bargmann invariants
|

A = |Ale"?

1 — 3|Al5 + 2|A| cos(¢) > 0

0.2 0.4
Real Part

arXiv: 2403.15066



i, @'|p) = (ailplai) {ai|ai)

~
BASIC PROPERTIES
J

p, Al # 0

p, Al # 0
(A, A" #0




~

J

p
e / /
K/«4(’4/& p) = (ailplay)(ay|a;)

/0 0)10) 0)[1) [1)]0) [1) 1)
O 0 0 0 o0
0Nl o o 0o o0
1) |0) 0 0 5 0
vl o o o0 !

P = |1> _|_><17 _|_|

BASIC PROPERTIES

p, Al # 0

p, Al # 0

(A, A" #0

D.R.M.Arvidsson-Schukur, et. al., J. Phys.A: Math.
Theor. 54 284001(2021)




PHASE SPACE
REPRESENTATION
p E E

Quantum state Quantum channel POVM element

Phase space

p(Alp) TN E) E(E[A)

TH(EE(p)) = ) EENILN X E)ulAp)
AN €EA




LACKING FOR
KIRKWOOD AND DIRAC

A

Phase space

Quantum state Quantum channel POVM element

p(i, 7’| p) ? ?




Kirkwood-Dirac representations beyond quantum states
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SUMMARY

KD distributions are
useful

New KD representations
beyond states

Negativity/imaginarity of a
KD is not equivalent to
contextuality
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Ole Christensen, An introduction to frames
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FRAMES

* Frames can be overcomplete
* Every basis is an example of a frame

Ole Christensen, An introduction to frames
and Riesz bases, (2003)
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Frame operator

* Frame operators are selfadjoint and invertible
* The inverse of the frame operator defines a way of finding the
canonical dual frame

Ole Christensen, An introduction to frames
and Riesz bases, (2003)
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* The quantum Fisher information is

obtained maximizing over all possible
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L

PRephR0ton TOsuRement
_ ifA > 1
Ug — Var(@) - NCI(Q)

Zo(0]ps) = Tr(ppA,)

PREPARE-AND-
MEASURE PARAMETER
ESTIMATION

Estimation of a single parameter

The quantum Fisher information is
obtained maximizing over all possible
measurements

The bound is tight, i.e., there exists
some measurement that extracts the
largest possible information about the
parameter

We want the quantum Fisher
information to be as high as possible
to make the rhs small
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UANTUM B
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Average heat flow

< QA> > O The system A receives heat
< QA> < O The system B receives heat
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Not possible because of noncommutativity

The initial energy is not really well define (and measuring it leads to the TPM)
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